This paper develops a Fourier transform method with an asymptotic expansion approach for option pricing. The method is applied to European currency options with a libor market model of interest rates and jump-diffusion stochastic volatility models of spot exchange rates. In particular, we derive closed-form approximation formulas of the characteristic functions of log-prices of the underlying assets and the prices of currency options based on a third order asymptotic expansion scheme; we use a jump-diffusion model with a mean-reverting stochastic variance process such as in Heston[1993 ]/Bates[1996 and log-normal market models for domestic and foreign interest rates. Finally, the validity of our method is confirmed through numerical examples.
Introduction
This paper proposes new approximation formulas for evaluation of the characteristic functions of log-prices of forward foreign exchange rates and of the prices of European currency options under stochastic volatility processes of spot exchange rates in stochastic interest rates environment. In particular, we use models of variance processes such as in Heston[1993] or of jump-diffusion stochastic variance ones in Bates[1996] , and apply a libor market model developed by Brace, Gatarek and Musiela [1998] and Miltersen, Sandmann and Sondermann [1997] to modeling term structures of interest rates. The correlations between the domestic and foreign interest rates, and between the spot exchange rate and its variance are allowed.
Currency options with maturities beyond one year become common in global currencies' markets and even smiles or skews for those maturities are frequently observed. Because it is well known that the effect of interest rates become more substantial in longer maturities, we have to take term structure models into account for the currency options. Further, stochastic volatility and/or jump-diffusion models of foreign exchange rates are necessary for calibration of smiles and skews. As for term structure models, market models become popular in matured interest rates markets since calibrations of caps, floors and swaptions are necessary and market models are regarded as most useful.
Hence, our objective is to develop a model with jump-diffusion stochastic volatility processes of exchange rates and with a libor market model of interest rates. Moreover, a closed-form formula is desirable in practice especially for calibrations which are usually done by numerical methods such as Monte Carlo simulation since they are very time consuming. Because it is difficult to obtain an exact closed-form formula, we derive a closed-form approximation formula by a Fourier transform method with an asymptotic expansion up to the third order where a spot exchange rate follows a jump-diffusion process, its variance follows a mean-reverting stochastic one, and domestic and foreign interest rates are generated by a libor market model. Some numerical examples presented later support accuracy achieved by our formulas.
In addition, we emphasize two remarkable features of our method. First, this method is essentially different from those used in preceding works on an asymptotic expansion in the following aspect; in our method, the distribution of the component, of the underlying asset, dependent on the interest rates are not approximated around a normal distribution such as in Takahashi and Takehara[2006] but around a log-normal one. Second, under the assumption made in this paper, our method can be applied not only to the stochastic variance model in Heston[1993] with which we are concerned in this paper but also to a broad class of models with stochastic volatility, jump-diffusion or even more general Levy processes where the closed-form characteristic functions are available.
Our asymptotic expansion approach have been applied to a broad class of Itô processes appearing in finance. It started with pricing average options; Kunitomo and Takahashi[1992] derived a first order approximation and Yoshida[1992b] applied an asymptotic expansion method developed in statistics for stochastic processes. Takahashi [1995, 1999] presented the second or third order schemes for pricing various options in a general Markovian setting with a constant interest rate. Kunitomo and Takahashi[2001] provided approximation formulas for pricing bond options and average options on interest rates in term structure models of HJM [1992] which is not necessarily Markovian.
Moreover, Yoshida[2004,2005] extended the method to dynamic portfolio problems in a general Markovian setting and proposed a new variance reduction scheme of Monte Carlo simulation with an asymptotic expansion. For mathematical validity of the method based on Watanabe[1987] in the Malliavin calculus, see Chapter 7 of Malliavin and Thalmaier [2006] , Yoshida[1992a] , Kunitomo and Takahashi[2003] and Yoshida[2004,2005] .
Other applications and extensions of asymptotic expansions to numerical problems in finance are found as follows: Kawai[2003 Additionally, Takahashi and Takehara[2006] developed the approximation formulas for evaluation of the prices of European currency options and of the distribution of the underlying assets based on an asymptotic expansion approach up to the third order with a market model of interest rates and a general time-inhomogeneous Markovian stochastic volatility model of the spot exchange rate. Contrary to this paper, their paper took the standard approach which expanded the underlying process around a normal distribution and did not depend upon the assumption made in this paper.
The organization of the paper is as follows: After the next section describes a basic structure of our model, Section 3 derives an approximation formula by expansion of the component dependent on the interest rates around a log-normal distribution, with the assumption of independence between the interest rates and the spot exchange rate/its stochastic variance. Section 4 shows numerical examples and the final section states conclusion. Appendix A gives the concrete expressions of coefficients used in the asymptotic expansions, and Appendix B presents formulas used in Appendix A.
European Currency Options with a Market Model of Interest Rates and Stochastic Volatility Models of Spot Exchange Rates
Let (Ω, F, P, {F t } 0≤t≤T * <∞ ) be a complete probability space with a filtration satisfying the usual conditions. First we briefly state the basics of European currency options. The payoffs of call and put options with maturity T ∈ (0, T * ] and strike rate K > 0 are expressed as (S(T ) − K) + and (K − S(T )) + respectively where S(t) denotes the spot exchange rate at time t ≥ 0 and x + denotes max(x, 0). In this paper we will concentrate on the valuation of a call option since the value of a put option can be obtained through the put-call parity or similar method. We also note that the spot exchange rate S(T ) can be expressed in terms of a foreign exchange forward(forex forward) rate with maturity T . That is, S(T ) = F T (T ) where F T (t), t ∈ [0, T ] denotes the time t value of the forex forward rate with maturity T . It is well known that the arbitrage-free relation between the forex spot rate and the forex forward rate are given by F T (t) = S(t)
where P d (t, T ) and P f (t, T ) denote the time t values of domestic and foreign zero coupon bonds with maturity T respectively.
Hence, our objective is to obtain the present value of the payoff (F T (T ) − K) + . In particular, we need to evaluate:
where V (0; T, K) denotes the value of an European call option at time 0 with maturity T and strike rate K, and E[·] denotes an expectation operator under EMM(Equivalent Martingale Measure) of numeraire of the domestic zero coupon bond maturing at T (we use a term of the domestic terminal measure in what follows). Next, with a log-price of the forex forward f T (t) := ln(
FT (0) ), (2.1) can be rewritten as:
where k := ln( K FT (0) ) denotes a log-strike rate. Here we note that e f T (T ) = F T (T ) is a martingale under the domestic terminal measure.
The following proposition is well known (e.g. Heston[1993] ).
Proposition 1 Let Φ T (u) denote a characteristic function of f T (T ). Then, V (0; T, K) is given by:
where i := √ −1 and Re(x) denotes a real part of x.
Then, we need to know the characteristic function of f T (T ) under the domestic terminal measure for pricing the option. For this objective, a market model and stochastic volatility models are applied to modeling interest rates' and the spot exchange rate's dynamics respectively.
We first define domestic and foreign forward interest rates as f dj (t) =
respectively, where j = n(t), n(t) + 1, · · · , N , τ j = T j+1 − T j , and P d (t, T j ) and P f (t, T j ) denote the prices of domestic/foreign zero coupon bonds with maturity T j at time t(≤ T j ) respectively; n(t) = min{i : t ≤ T i }. We also define spot interest rates to the nearest fixing date denoted by
. Finally, we set T = T N +1 and will abbreviate
Then R ++ -valued processes of domestic forward interest rates under the domestic terminal measure can be specified
where x ′ denotes the transpose of x, and W is a D dimensional Brownian motion under the domestic terminal measure;
γ dj (u) is a function of time-parameter u. Similarly, R ++ -valued processes of foreign ones under the foreign terminal measure are specified as;
where W f is a D dimensional Brownian motion under the foreign terminal measure andγ f j (u) is also a function of u. Finally, we assume that the spot exchange rate S(t) and its variance V (t) follow R ++ -valued stochastic processes under the domestic risk neutral measure (not under the domestic terminal measure) :
whereŴ is a D dimensional Brownian motion under the domestic risk neutral measure andJ is some jump martingale independent ofŴ ; r d (u) and r f (u) denote domestic and foreign instantaneous spot interest rates respectively;σ denotes a D dimensional constant vector satisfying ||σ|| = 1, and ω(x, u) is a function of x and u. Hereafter, the variance and jump processes are specified as in Bates[1996] , that is, V (t) andJ(t) are given by;
where κ, θ and ω are all constant and denote the speed of the mean-reversion of the variance process, the level of the mean-reversion and the volatility on the variance, respectively;v ′ is some D dimensional constant vector denoting the correlation structure between the variance and other factors, that is, the domestic and foreign interest rates and the spot exchange rate. J(t) denotes a compound Poisson process with intensity of λ and with a random jump size l whose distribution is determined as ln
We next note the following well known relations among Brownian motions under different measures;
are volatilities of the domestic and foreign zero coupon bonds with the maturity
and
Since γ f i (t) = 0 and γ di (t) = 0 for all i such that T i ≤ t, the set of indices J j+1 (t) can be changed intoĴ j+1 := {0, 1, · · · , j}, which does not depend on t.
By above equations, expressions of those processes under different measures are unified into those under the same measure, the domestic terminal one:
Next, we consider the process of the forex forward F N +1 (t). Since F N +1 (t) := F TN+1 (t) can be expressed as
, we easily notice that it is a martingale under the domestic terminal measure, and obtain its log-process, f N +1 (t) under that measure by Itô's formula:
whereĴ(t) denotes a compound Poisson process with intensity of λ and with a Gaussian random jump size.
3 An Approximation Scheme based on an Asymptotic Expansion Approach
An independence assumption
Hereafter, we make an assumption; 
Under this assumption, the equation (2.11) can be decomposed as:
where
Note that Y (t), Z(t) andĴ(t) are independent and that Y (t) depends only on the domestic and foreign interest rates (in what follows we sometimes call Y (t) the interest-rate part of the forex forward to emphasize this property) and that Z(t) does only on the variance of the spot exchange rate (we sometimes call Z(t) the volatility part as well). Moreover, under the same assumption, the equations (2.9) and (2.10) are simplified as follows:
where Φ Y (t, u), Φ Z (t, u) and ΦĴ (t, u) denote the characteristic functions of Y (t), Z(t) andĴ(t), respectively. For evaluation of European currency options, an explicit expression of Φ N +1 (t, u) is necessary. However, the process of Y (t) is too complicated to obtain the analytical expression of Φ Y (t, u) while that of Φ Z (t, u) is well known (see Section 6.3.2 in Brigo and Mercurio [2006] or Section 25.5 in Björk [2004] ) . Then, we suggest to utilize an asymptotic expansion for the approximation of Φ Y (t, u).
Before concentrating on the approximation of the interest-rate part of the forex forward, we state the expression of Φ Z (t, u)(see Duffie, Pan and Singleton[1999] for details) and ΦĴ (t, u):
where ρ :=σ ′v and ξ :
An asymptotic expansion approach
An asymptotic expansion approach describes the processes of forward rates as f
f j (t) respectively, both explicitly depend upon a parameter ϵ ∈ (0, 1], and expands the processes around ϵ = 0, that is asymptotic expansions are made around deterministic processes.
First, the processes of f 
whereγ dj (t) andγ f j (t) in the previous section are replaced by ϵγ dj (t) and ϵγ f j (t), respectively. Hence, the processes of f
f j (t) and Y (ϵ) (t) under the domestic terminal measure are expressed as follows:
Of course, variables and functions such as
Next, we expand forward rates' processes up to the second order of ϵ(ϵ 2 -order) around ϵ = 0 to obtain the third order asymptotic expansion of Y (ϵ) (t), the interest-rate part of the forex forward. These expansions can be obtained by differentiating the right hand side of the equations (3.10), (3.12) and (3.13) with respect to ϵ and setting ϵ = 0. The result is stated as the following lemma.
Lemma 1 The asymptotic expansions of domestic and foreign forward rates are given as follows:
Only (3.14) is shown. (3.15) is obtained similarly. Differentiating the equation (3.10) with respect to ϵ once and twice, we have:
Then, setting ϵ = 0, we obtain A
We next define the following variables:
Then, the asymptotic expansion of the interest-rate part of the forex forward up to the third order of ϵ(ϵ 3 -order) can be derived.
Proposition 2 The asymptotic expansion of Y
(ϵ) (t) up to the third order is expressed as follows:
We first note that
and set A (1)
As for (3.18) , differentiating the equation (3.13) with respect to ϵ once, we have:
Then, setting ϵ = 0, noting the definitions of g
di (u) and σ X (u) in (3.16), we obtain the expression of A (1) t , that is (3.18).
Although tedious calculations are necessary, (3.19) and (3.20) can be obtained in the similar manner; we first differentiate the equation (3.13) with respect to ϵ twice and three times. Then, setting ϵ = 0, and substituting the expressions of A (1) 
f j (t) and A (2) f j (t) given in Lemma 1, and noting the definitions of g (1) f i (u), g (1) di (u), g (2) f i (u), g (2) di (u) and σ X (u) in (3.16), we obtain the expressions of A
Next, we define a random variable
which is necessary for pricing options is given by;
. Second, we also note that X (ϵ) is expanded up to the second order as follows:
TN+1 and g 3 := A
TN+1 . Finally, note that the first order term g 1 follows a normal distribution with mean 0 and variance Σ:
Using the following theorem, we will obtain an approximation of Φ (ϵ) (u), the characteristic function of f
Theorem 1 Under the assumption of
where , we can obtain an asymptotic expansion of the probability distribution function of X (ϵ) :
Then, differentiating both sides of the equation above with respect to x, we have:
Finally 
we obtain the result. 2
With the density function in (3.25) , the characteristic function of X (ϵ) can be calculated.
Corollary 1 Under the assumption of
4 and D
5 are given in the equation (3.26) .
Finally, we derive an approximation formula for valuation of the European call option written on
be a value of the option with maturity T N +1 and strike rate K at time 0. First, note that
where the notation f
is defined as a probability measure on (Ω, F), and hence under the measure Q, we obtain;
where E Q [·] denotes an expectation operator under Q.
. Note that 
Then, the first and second terms of the right hand side of (3.31) can be evaluated through the Levy's inversion formula as:
However, we do not have the exact close-form expression Φ (ϵ) X (u) while Φ Z (u) and ΦĴ (u) are given analytically. Thus, we approximate it byΦ (ϵ) X (u) which is defined as:
Then, by substitutingΦ
X (u) in the equation (3.32), we can provideV (0; T N +1 , K), the approximation of the option value as follows: 
.
(3.33)
Numerical Examples
In this section, we examine the effectiveness of our method through some numerical examples. The approximate option prices by our method are compared with their estimates by Monte Carlo simulations.
First of all, the processes of domestic and foreign forward interest rates and of a volatility of the spot exchange rate are specified. We suppose D = 4, that is the dimension of a Brownian motion is set to be four; it represents the uncertainty of domestic and foreign interest rates, the spot exchange rate, and its variance. We note that correlations between domestic and foreign interest rates and between the spot exchange rate and its variance are allowed. For simplicity we also suppose λ = 0 which implies no jump part.
The parameters in our model are set as follows: For the process of the stochastic variance, we set V (0) = θ = 0.015 and κ = 0.5 in the equation (2.7) ; ω is set to be zero (i.e. the variance is set to be constant) in former examples below(indicated by "C.V."), or ω = 0.1 in the latter(indicated by "S.V.").v is a four dimensional vector given below. We further suppose that initial term structures of domestic and foreign forward interest rates are flat, and their volatilities have flat structures and are constant over time: that is, for all j, Table 1 . Moreover, given correlation parametersρ and ρ which denote the correlations between domestic and foreign interest rates and between the spot exchange rate and its variance respectively, the constant vectorsγ d ,γ f ,σ andv can be determined to satisfy
′v = ρ and the independence assumption.
Finally, we make another assumption that γ dn(t)−1 (t) and γ f n(t)−1 (t), volatilities of the domestic and foreign interest rates applied to the period from t to the next fixing date T n(t) , are equal to be zero for arbitrary t ∈ [t, T n(t) ].
This section shows numerical examples for call option prices calculated with Monte Carlo simulations, with our approximation formulas of the second and third orders and in addition with the approximation formula introduced by Takahashi Table 1 for term structures of interest rates. We set S(0) = 100, and Tables 2-13 and Figures 1-12 show the differences of the second/third order approximations and of those in TTY [2006] against the estimates by Monte Carlo in the cases "C.V." (listed in Tables 2-4 and Figures 1-3 with a maturity of five year and in Tables 8-10 and Figures 7-9 with ten year, respectively) or "S.V." (listed in Tables 5-7 and Figures 4-6 with a maturity of five year and in Tables 11-13 and Figures 10-12 with ten year, respectively): "difference"("diff.") and "relative difference"("rel.diff.") are defined by (the approximate value)-(the estimate by Monte Carlo) and (difference)/(the estimate by Monte Carlo)× 100(%), respectively. Colored cells in these tables indicate which is the closest to the estimates by Monte Carlo simulations at that moneyness in three approximations done by the asymptotic expansion up to the second and third orders and by the method introduced in TTY [2006] .
To begin with, we note that the figures of the differences between the estimates by Monte Carlo simulations and our approximations in the "C.V." case generally look quite similar to those in the "S.V." case except for only those in the case (i) of five year, while the stochastic structure of the variance of the spot exchange rate in each case differs and so do the option prices. This may seem natural since we make use of the exact characteristic function for the volatility part in our procedure. Thus, it comes to substantial in pricing these options how the characteristic function of the interest-rate part is approximated. This aspect implies importance of our method.
Furthermore, there are the following two features in our numerical examples. First, through almost all experiments, the third order terms improve the approximation by the second order, even with a maturity of five year where every approximation seems to work well. Compared with the largest differences in the second order of -0.0447(case(iii),ATM), -0.0569(case(iii),ATM), -0.4176(case(iii),20%ITM) and -0.4430(case(iii),20%ITM) in the cases with "C.V.", 5y, with "S.V.", 5y, "C.V.", 10y and with "S.V.", 10y, respectively, in the third order they are -0.0358(case(ii),50%OTM), -0.0280(case(ii),50%OTM), -0.3659(case(ii),50%OTM) and -0.3287(case(ii),50%OTM) respectively. In most of these experiments, the same result holds for the approximation by TTY [2006] ; their largest differences in the same cases above are -0.0427(case(iii),ATM), -0.0568(case(iii),ATM), -0.4455(case(ii),50%OTM) and -0.4651(case(ii),50%OTM) respectively, which are the worst in these three approximations.
Second, in comparison with other two approximations, the approximation by the third order seems to work signif-icantly well especially around ATM. In contrast to the performances of others at ATM, the largest differences of the third order approximation in "C.V.", 5y, with "S.V.", 5y, "C.V.", 10y and with "S.V.", 10y, are only 0.0155(case(i)), -0.0096(case (iii)), -0.0994(case (iii)) and -0.0949(case (iii)) respectively. We can find this feature with a glance at figures. For a practical purpose, This may be an advantage of our method since the liquidity of options is in general the highest at/around ATM.
Conclusion
This paper proposed approximation formulas based on a Fourier transform method with an asymptotic expansion to evaluate currency options with a libor market model of domestic and foreign interest rates and jump-diffusion stochastic volatility processes of spot exchange rates by expanding the interest-rate part. Then, the distribution of the component of the underlying asset dependent on the interest rates are not approximated around a normal distribution such as in Takahashi and Takehara [2006] but around a log-normal one. We also provided numerical examples to investigate the accuracy of the approximations for option prices with maturities of five and ten year; in general, satisfactory results were obtained for the approximation up to the third order.
Finally, we state our research plans as follows: we may use higher order asymptotic expansions and will also utilize asymptotic expansion formulas for extended models where a stochastic volatility structure of interest rates or a more general stochastic structure of the volatility of the spot exchange rate are allowed. Especially, to any model where the analytical characteristic function of the volatility part is known, the same procedure in this article can be applied under the independence assumption.
Appendix

A Coefficients in the Asymptotic Expansion
This section presents the expressions of coefficients C 2,1 , C 2,2 , C 3,1 , C 3,2 , C 4,1 , C 4,2 and C 4,3 in Theorem 3.1. First, we show them as a relatively compact form:
Subsections A.1 and A.2 below provide the expressions for the terms on the right hand side of (A.1) in detail. For the derivation of the coefficients with supersprict 'd', since they are obtained by a similar calculation in this section, it is omitted and will be given upon request.
Here, it is stressed that all coefficients are expressed by the form of only nine functionals defined in Appendix B, and that this seems to make it easy for us to implement our method.
A.1 The second order
In this subsection, we concentrate on the second order scheme. First, we note that g 1 and g 2 are expressed as
whereC is a constant and defined byC := − 1 2
To evaluate the right hand side of the equation above, we utilize a formula associated with conditional expectations of Gaussianity: The formulas used in this and the following subsections are listed in Appendix B. In particular, applying (2) in Appendix B, we can evaluate each term in E[g 2 |g 1 = x] as follows:
Then, C 2,1 and C 2,2 are defined by
A. 2 The third order
Then, we take the expectation of each term of g 3 conditional to g 1 = x. To evaluate each expectation, we use formulas in Appendix B, again. we report results below;
1. Apply formula 1.
5. Apply formula 4.
Finally, coefficients of C 3,1 and C 3,2 can be defined as follows;
Next, we easily notice that E[g 2 2 |g 1 = x] consists of the following terms.
1.
3. Apply formula 5.
Consequently, C 4,1 , C 4,2 and C 4,3 are defined as;
B Formulas
In this section, the formulas 1.-5. and definitions of functionals {I l k (· · · ; T )} used in the previous sections are listed up for convenience. They are derived by direct calculations using Gaussianity of the processes involved, which are straightforward, but lengthy and hence omitted.
, 5 be non-random functions and define Σ as
where z ′ is the transpose of z. Suppose q 1t = σ X (t) so that we abbreviate 'q 1 ' in {I i k (· · · ; T )}, and assume that 0 < Σ < ∞ and integrability in the following formulas.
Finally, we define Table 4 : Our approximations for options with maturity five year and their estimates by Monte Carlo Simulations in the case(iii), C.V.
in the case(iii), C.V. in the case(iii), C.V. in the case(iii), C.V. -0.47% -0.58% -0.65% -0.65% -0.64% -0.69% -0.90% -1.32% -2.28% -3.93% -6.70% Table 13 : Our approximations for options with maturity ten year and their estimates by Monte Carlo Simulations in the case(iii), S.V.
in the case(iii), S.V. in the case(iii), S.V. in the case(iii), S.V. 
